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Introduction 

This paper deals with the computation of the continuous £-adic cohomology with compact 
support of period domains over local fields. We consider the case where the underlying 
reductive group is quasi-split and the isocrystal is basic. In |()2j we computed the etale 
cohomology with torsion coefficients of them. If we pass to the usual £-adic cohomology 
defined by the projective limit of the cohomology groups with values in Z/^ n Z, we get 
continuous generalized Steinberg representations in Banach spaces. This was first pointed 
out by R. Huber in the Drinfeld case (compare |H2j Example 2.7). In order to get 
smooth representations with values in Qg, he observes that one rather has to consider 
the continuous £-adic cohomology with compact support of these objects. The latter 
cohomology theory was implicitly introduced by him for adic spaces [H2 (except that he 
does not tensor the cohomology with Qg). In the case of schemes this construction goes 
back to Jannsen 

We briefly recall the notion of a period domain for reductive groups |RZ| . We refer to 
the next section for a more detailed description. Let L be an algebraically closed field of 
characteristic p > 0. Denote by Kq = W(L)q the fraction field of the ring of Witt vectors 
W(L) and by a the Frobenius automorphism of K Q . We consider a triple 

(G,b, {//}) 

consisting of a quasi-split reductive group G defined over Q p , an element b G G(Kq) and 
a conjugacy class {/i} of 1-PS of G. According to Kottwitz |Klj . the element b gives rise 
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to an isocrystal with G-structure iV b on L. By definition this is an exact faithful tensor 
functor 

N b : Rep Qp (G) — ► Isoc(L) 

from the category of finite-dimensional rational G-representations into the category of 
isocrystals over L. Here an isocrystal over L is a pair (N, $) consisting of a finite- 
dimensional -fTo-vector space iV and a cr-linear bijective endomorphism $ of N. To the 
conjugacy class {//} is associated a flag variety J = J{G, {/x}) defined over some finite 
extension E of Q p . Let 3T %9 be the rigid- analytic variety attached to $ . By choosing a 
G-representation V, we get for each point x G 3F' %9 a filtered isocrystal (N b (V), F x ) over 
some field extension K of Kq. A filtered isocrystal (N,$>,J-) is called weakly admissible 
(in the sense of Fontaine |Foj ) if 

^2 i ■ dim 9 r T'( N> ®k K) < ordp det($') 

for all subisocrystals {N\ $') of (N, $) and equality for (N', $') = (JV, $). Here T' denotes 
the filtration on N' ®k K induced by T. In jRZj it is shown that the points x G 3F' %9 
which yield a weakly admissible filtered isocrystal {Nf,(V),J- x ) for every representation 
V form an admissible open subset ff^ 0, of 3T' 19 ' . It has therefore the structure of a rigid- 
analytic variety over K . It is defined over the composite E s = E.Q pSj where Q p s is the 
field of definition of Nb (the unramified extension of degree s of Q p in Kq). The space 
is called the period domain with respect to (G, b, {/x}). In this paper we consider the case 
of a basic isocrystal. This means that the automorphism group J of N b is an inner form 
of G. In general it is an inner form of some Levi subgroup of G. 

Of general interest is the computation of the etale cohomology of period domains. The 
cohomology groups are equipped in a natural way with actions of the p-adic Lie group 
J(Q P ) and the absolute Galois group T Ea = Gal(E s /E s ). In this paper we compute the 
continuous £-adic cohomology with compact support of ^^ a , where i G N is a prime 
number with (£,p) = 1. The computation proceeds as follows. Consider the adic spaces 
(J% a ) ad , J ad associated to Jl" a and J. Let Y ad be the closed complement of (J^ a ) ad in 
J :ad . In |U2j we constructed an acyclic resolution of the constant etale sheaf Z/nZ on Y ad 
in terms of the Tits building of J. The resulting spectral sequence degenerates in E 2 and 
computes the cohomology of Y ad with coefficients in Z/nZ. In this paper we take up this 
idea and generalize this construction to an acyclic resolution of a certain object in the 
derived category of etale sheaves on Y ad . The hypercohomology of this object appears in a 
long exact cohomology sequence next to the continuous £-adic cohomology groups of JF^ 1 
and of 3F . As in loc.cit. we get a spectral sequence which computes the hypercohomology 
of this object and hence the cohomology of 3F^ a . The cohomology groups are computed as 
objects in the category of smooth J(Q P ) x r^ s -representations. Our result is the following: 

#:(JT,Q.) = vL ®ind [w] {-l([w])}[-\A\I [w] \}. 

[■w]ew»/r Es 

Here W^ 1 denotes the set of Kostant representatives in the Weyl group W of G with 
respect to the stabilizer of \i. The index set W^ 1 /Y e s consists of the orbits for the natural 
action of T Es on . The objects vj, denote generalized Steinberg representations with 
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respect to certain standard parabolic subgroups Pj, , of J. On the other hand, the Galois 
group Te s operates via Galois representations ind[ w ]. We refer to the next section for a 
detailed explanation of this formula. 

We now mention previous results on the cohomology of period domains. The bulk 
of this work has been done for Drinfeld's upper half plane Q d+1 . The de Rham and the 
etale cohomology with torsion coefficients prime to p of Q d+1 were computed by Schneider 
and Stuhler in |SSj . The case of the continuous £-adic cohomology with compact support 
has been recently solved by Dat [Dj. He makes heavy use of the specialization map of 
Qd+i j n ^ Bruhat-Tits building of GL n . For further results on the cohomology of Q d+1 
dealing with p-adic aspects, we refer to the work of Alon and de Shalit tA Slj . [AS2 , 
Grofie-Klonne [Uj, Iovita and Spiess jTSj, Ito jlj, Schneider [§], de Shalit |dSlj . |dS2j . 
For general period domains where the underlying isocrystal is basic, there exists a for- 
mula for the continuous £-adic Euler-Poincare characteristic in the Grothendieck group 
of smooth J(Q P ) x GaZ(i^ s /-E s )-representations due to Kottwitz and Rapoport |Rlj . |R2j . 
Their approach is through the Harder-Narasimhan stratification on 3f r%9 in which the pe- 
riod domain appears as an open stratum. The individual cohomology groups with torsion 
coefficients prime to p were computed in |Q2j . 

The present paper structures as follows. In the first section we fix notation and for- 
mulate the main result. The second section deals with the construction of the acyclic 
resolution of the above mentioned object in the derived category of etale sheaves on Y ad . 
In the final section we compute the cohomology by evaluating the spectral sequence as- 
sociated to this complex. 

I wish to thank M. Rapoport for his useful comments on this paper. Furthermore, I 
would like to thank J.-F. Dat and A. Huber for helpful and interesting discussions. 

1 Notation and the main result 

The notation will be the same as in |02j . So, L is an algebraically closed field of char- 
acteristic p > 0, K = W(L)q denotes the fraction field of the ring of Witt vectors and 
cr G Aut(i^o/Qp) is the Frobenius automorphism. Furthermore, I G N is a prime number 
with (£,p) = 1. 

Let G be a connected quasi-split reductive group over Q p . We fix an element b G G(K ) 
which defines an isocrystal with G-structure on L, i.e, an exact faithful tensor functor 

N b : Rep Qp {G) — > Isoc(L) 

from the category of finite-dimensional rational G-representations into the category of 
isocrystals over L. We denote by 

v := u b : D — ► G Ko 

the slope homomorphism of N b , where D is the algebraic pro-torus over Q p with character 
group Q. For a representation p : G — > GL(V), the composition p o v : D — » GL(Vk ) 
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describes the decomposition of N b (V) into simple subisocrystals together with their slopes 
([EE] Example 1.10). We suppose that b is decent and basic. By definition ( [RZj 1.8), a 
decent element b G G(K ) satisfies for some integer s G N an equation 

(ba) s = sv b (p)o s 

in the semi-direct product G(K ) x (a) such that s • v\, : D — > G Eo factors through G m . 
It follows that b G G(Q p s) and that v is defined over Q p s. The element b is basic if v 
factors through the center of Gk - An alternative definition is as follows. Let J be the 
automorphism group of Nf,, which is a reductive algebraic group over Q p . In general it is 
an inner form of some Levi subgroup of G. It is is an inner form of G if and only if b is 
basic. 

We fix a conjugacy class 

M C X m (C) 

of one-parameter subgroups (1-PS) of G over the algebraic closure Q p of Q p . Let E be the 
Shimura field of {/i}. This finite extension of Q p is the smallest extension of Q p such that 
its absolute Galois group stabilizes {fi} as an element in the set of conjugacy classes of 
1-PS of G. By Kottwitz's Lemma (|K2j Lemma 1.1.3), there exists a 1-PS fi G {/i} which 
is defined over E. Hence, the conjugacy class {fi} defines a flag variety 

J:=J(G,W) :=G E /P(fi) 

defined over E. Here, we write -P(A) for the parabolic subgroup of G which is attached 
to a 1-PS A. Let ff ng be the rigid analytic flag variety associated to 3F . Recall that its 

underlying set is given by 3F(C p ), where C p := Q p is the p-adic completion of Q p . Put 

E s := E.Q pS and T Es := Gal(E s /E s ). 

The period domain 3P£ a associated to the triple (G, b, {yu}) is the set of nitrations in 3T 19 
which are weakly admissible with respect to Nj,. It has a natural structure of an admissible 
open rigid- analytic subset of (3F ® E E s ) ri9 ( |RZj Proposition 1.36). Furthermore, it is a 
J(Q p )-invariant subset of 3F %g with respect to the natural action of J(Q P ) on ^ r " ig . 

We fix a maximal Q p -split torus S of the derived group J^ er of J. Further, we let Pq be 
a minimal Q p -parabolic subgroup of J such that S C Pq. We denote by 

A ={ai,..., a d }GX*(S) 

the corresponding set of relative simple roots. Let 

{u a ] a G A} C X*(S)q 

be the dual basis of A with respect to the natural pairing X*(S) x X*(S) — > Z. Let T 
be a maximal torus of G which contains S and such that /i,v£ X*(T)q = Hom^ (I), T). 
We fix a Borel subgroup B of G such that 

• Be P(uJ a ) for all a G A 
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• ji lies in the positive Weyl chamber with respect to B. 

We may assume that A is given by restriction of a root basis of G with respect to B D T. 
Put 

^ := \Gal(E/Q p )\ 7 ^ 
By |FR| we know that 3F^ a is non-empty if and only if 

p > v 

with respect to the dominance order > on X*(T)q induced by B. In our situation of a 
basic isocrystal, the latter condition simply means that p — v G X*(T der ), where T der C T 
is the maximal torus of the derived group Gder of G. 

Let W the Weyl group of G. Denote by C W the the stabilizer of p, and by 
the set of Kostant representatives with respect to W/W^. We have an action of Ye s on 
W which preserves W M . For any orbit [w] G W^/T Ea , we have the induced representation 

ind [w] :=Ind T s ^ {w) (Q e ) 

of r £s , where we consider the trivial action of Stabr Ea (w) on Q e . For any subset I C A, 
we set 

ft/ := {M G W/T E .\ (wn,u a ) > (u,cu a ) Va £ /}. 

Here, we have fixed an invariant inner product ( , ) on G (see jT] section 7). Finally, we 
denote for [w] G W^/T^, by L w ] the minimal subset of A such that [w] is contained in 

For a parabolic subgroup P C J defined over Q p , let 

t J P = C°°(J(Q p )/P(Q p ),Q £ ) 

be the smooth representation of J(Q P ) consisting of locally constant Q^-valued functions 
on the p-adic manifold J(Q P )/P(Q P ). The generalized Steinberg representation vj, is de- 
fined by 

v J P = %pI Yl l Q- 

This is an irreducible smooth admissible representation of J(Q P ) ([C] Theorem 1.1). Fi- 
nally, for / c Awe put 

Pj := p| P\u a ) 

which is a standard-parabolic subgroup of J defined over Q p . The extreme cases are 
Pa = J and P$ = Pq. Here, P J (\) is the parabolic subgroup of J attached to a 1-PS A of 
J. 

We denote by H*(3F^ a , Qt) the continuous £-&dic cohomology with compact support of 
3^ a . We refer to section 3 for its definition. We have a natural action of J(Q P ) xT Es on 
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H*(ffi£ a , Qe) which is smooth in the sense of p-adic Lie group representations. In fact, in 
the case of finite cohomology coefficients this statement is due to Berkovich |Blj . In our 
situation, there are unpublished notes |B2j of Berkovich treating our case. In any case, we 
first follow |Blj Prop. 6.4 to deduce that the action of J(Q P ) xT^ on 3T£ a is continuous. 
Then we apply Fargue's result |F] Cor. 4.1.19 to conclude that H*(J^ a ,Q e ) is a smooth 
representation. 

Our result is the following theorem. 

Theorem 1.1 Let b G G(K ) be a basic element such that p, — v G X*(Trf er ). We have 
for the compactly supported continuous i-a&ic cohomology of J r ^ a the following formula 
as representations of J(Q P ) x T Es : 

K{TZ a M) = vL ®ind [w] {-l([w])}[-\A\I [w] \}. 

Here for a representation V, we have set V{— m} = V(—m)[—2m],m G Z. The symbol 
(m) denotes the m-th Tate twist and [— m] symbolizes that the corresponding module is 
shifted into degree m of the graded cohomology ring. 



2 The fundamental complex 

In |U2j we constructed an acyclic complex of etale sheaves on the complement of ^ a in 
J r . Strictly speaking, we formed the complement in the category of Huber's adic spaces 
|Hlj . i.e., we set 

Here, ad indicates the adic space attached to a scheme or a rigid-analytic variety. The 
advantage of this larger category is that Y ad has the structure of a closed pseudo-adic 
subspace of 3F ad for which there exists an etale site and hence a topos as well (compare 
|Hlj chapter 2.3). We write X^ t for the etale site of a scheme, a rigid-analytic variety or 
that of a pseudo-adic space X. 

In |H2j (see chapter 1) Huber introduced the compactly supported cohomology of £- 
adic sheaves on adic spaces. We briefly explain Huber's definition. Let R be a complete 
discrete valuation ring with maximal ideal m and with char(i?/m) > 0. Let X be a taut 
separated pseudo-adic space locally of + weakly finite type over an analytic algebraically 
closed affinoid field Spa(k, k°). A i?.— module on X& is a projective system 

■ • • — > F n+ i — > F n Fi 

of i?-modules on X a such that m™ • F n = for every n G N. Denote by mod[X^ t — R 9 ) 
the category of i?.-modules on X&. This is an abelian category with enough injectives. 
Further, we let mod(R) resp. mod(X& — R) be the category of i?-modules resp. R- 
modules on X^ t . For any R,— module (F n ) n on the compactly supported cohomology 
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the case where X is partially complete, the coho- 
= R p T c (X, (F n ) n ), peN. 

T c : modiXa — R») — > mod(R) 

(F n ) n ^ r c (X,limF n ). 

where T C (X, limF n ) is the i?-module of global sections whose support is complete over 
Spa(k, k°). In general, if X is not partially complete, one defines the compactly supported 
cohomology using a partially complete compactification of X. Finally, by the continuous 
£-adic cohomology with compact support of X we mean the Q^-vector spaces 

H* c (X,Q e ) = H* C (X, (Z/rZ) n ) ® z< Q e . 

In the case of algebraic varieties this definition is due to Jannsen jj] . Huber does not use 
this notation in |H2j . 

We indicate briefly the relation to Berkovich's definition of compactly supported co- 
homology of _R.-modules which applies to his analytic spaces. Berkovich defines this 
cohomology by using a different global section functor. It is given by 

mod(Xfy — R,) — ► mod(R) 



H^\X, (F n ) n ) is defined as follows. In 
mology is given by 

fl*(X,(F B ) B ): 
Here r c is the left exact functor 



(F n ) n i-> lim lim T c (U,F n ). 

C/GUngN 

Here U is the set of distinguished open subsets in the analytic space X. In his paper ([F] 
4.1.2), Fargues uses Huber 's definition of compactly supported cohomology of -R.-modules 
in the case of analytic spaces. He proves that it coincides with that of Berkovich. For 
rigid- analytic varieties, this statement was already shown in [H2] Prop. 1.5. 

Consider the left exact functors 



7r* : mod{X^t — R») 

(F n ) n 



mod(Xgt — R) 
limF n 



and 



T\ : mod{Xit — R) — > mod(R) 

f ^ r c (F). 



If X is partially complete, then, by definition, we have T c = Ti o 7T*. This identity then 
gives rise to an identity (compare |H2j Lemma 2.3 (i)) 



R + T c = R + T, o R+tt, (1) 
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of exact functors from the derived category D-(mod(Xg t — R,)) into D-°(mod(R)). 



For any rational 1-PS A G X*(J)q of J, we consider in |()2j the closed i? s -subvariety 1a 
of J consisting of points where A violates the semi-stability condition. By |02j Corollary 
2.4 we have the identity 

Y ad = \jY* d . (2) 

A 

of pseudo-adic spaces. Furthermore, we define for any subset / C A the closed subvariety 

Yj := □ Y*. 

of ff, on which we have an action of the p-adic group P/(Q P ). For any compact open 
subset W C J/Pi(Q p ), we put 

Zf := |J gYf. 

gew 

Then by |()2j Lemma 3.2 we know that Zf is a closed pseudo-adic subspace of $ ad . By 
(2) it follows that 

yad _ |J z J/Pi(Q p ) 

ICA 
|A\I|=1 

Starting from a subset / C A and the constant etale sheaf Z/nZ, n G N, on Y ad we 
constructed in loc.cit. a sheaf of locally constant sections on the same space. Actually, 
the same construction goes through if we start with an arbitrary etale sheaf F on Y ad . 
We recall the definition. Let 

$ ff>J : gYf — ► Y ad 



resp. 



: 9Yj ad — Zf 



resp. 

# w : Zf — ► r ad 



the natural closed embeddings of pseudo-adic spaces. Let F be a i?-mo dule on Y? d . Put 
resp. 

F z? := (* ItW )t(*l w F) 

and let 

®ti,w ■■ F zr — ^ F ^ 

be the natural homomorphism given by restriction. We denote by 



IT ^ 

geJ/Pi(Q P ) 



the .R-submodule of Yl g e.J/Pi(Q P ) F 9J> which is defined as the sheaf associated to the fol- 
lowing presheaf p Tlg^j/p^Q ) F a ,i- For any element U — ► Y ad of the etale site Y? d , we 
put 

( P IT -^f' 7 ) (^0 := {( s f)f e J [ F g ,i{U); there exists a (finite) disjoint cover- 

9 eJ/Pi(Q P ) ' geJ/Pi(Q P ) 

ing J/Pi(Q p ) = U Wj by compact open subsets and sections 

Sj G F Wj (U), j G A, such that $* 7 w.( s i) = s g for a11 e f • 

We call Y[ g eJ/Pi(Q ) -^s. 7 ^he subsheaf of locally constant sections of n g eJ/P/(Q P ) -^s. 7 - 
Remark: If we work with the restricted etale site Y-ff p consisting of objects U in Y?f 

ad • 



where the structure morphism U —> Y is quasi-compact and quasi-separated, it is easy 
to see that the presheaf p YigeJ/Pi(Q p ) F g ,i is already a sheaf (compare also |U2j ). 

The sheaf Y[' g eJ/Pi(Q P ) ^gj ma y De viewed as an inductive limit of sheaves. In fact, let 
Ci be the category of compact open disjoint coverings of J/Pi(Q p ) in which the morphisms 
are given by the refinement-order. For a covering c = {Wj)jeA Ci> we denote by F c the 
sheaf defined by 

F C (U) := |(s 9 )g G [ [ F 9t j(U); there are sections Sj G F^v 6 (U),j G A, such 

geJ/Pj(Q P ) 

that $^ /)Wi ( s i) = s 3 f° r a11 # e Wj}- 
Alternatively, one can define F c as the image of the natural morphism of sheaves 

©^•- n ( 3 ) 

jeA 9eJ/P 7 (Q P ) 

Then we may write 

IT F gJ = \imF c . (4) 

9 eJ/Pi(Q P ) c e c / 

Our construction extends naturally to the derived category of etale sheaves on Y ad . 
Indeed, the assignment F i— > ri 5 GJ/P/(Qp) ^ff. 7 * s factorial and induces therefore a functor 

J]' = mod{Yf - fl) -> mod(Y« d - R), 
geJ/Pi(Q P ) 

which is easily seen to be exact. Thus, we obtain an exact functor on the corresponding 
derived categories 

Jj' =R + Jj' : D^°(mod(Y£ d - R)) -> D^°(mod(^f - i?)). 
g&J/Pi{Q P ) 9&J/Pi(Q P ) 



From now on we let R = Zp. Furthermore, we consider the Z^.-module 

(F n ) n = (Z/fZ) n G mod(J ad - Z e .). 
Let i-Y ad ^ J ad be the inclusion. Put 

T := z*i2+7r,(Z/rZ) n G D-°{mod{Y; t d - Z e )). 
By [H2J Prop. 2.6 (ii), we have a long exact sequence 

• ■ ■ -> Hi{{T" a ) ad , (z/rz) n ) -> #£(.r d , (z/rz) n ) -> # 6 p (r ad , t) 

-> HP +1 ((J wa ) ad , (Z/rZ) n ) -»• • • • (5) 
Taking Huber's comparison theorem for schemes into account ( |H2j Theorem 4.2) we have 

H* c (j ad , (z/rz) n ) = (z/rz) n ). 

On the other hand, by Jannsen's comparison theorem ([J] Remark 3.5) we conclude that 

h*{j, (z/rz) n ) = H* C (J, Z e ) = H*(J, Z t ), 

where H*^, Z^) := lim H*(^,Z/£ n Z) denotes the £-adic cohomology of the scheme J 7 . 
Further, by the very definition of the compactly supported £-adic cohomology of rigid- 
analytic varieties we have 

H* c ((j wa ) ad , (z/rz) n ) = h* c {T"\ (z/rz) n ). 

Therefore, in order to prove Theorem 1.1 it suffices to compute the cohomology groups 

H p (Y ad ,T) = H p (Y ad ,T). 

Let F be a etale sheaf on Y ad . In |Q2j we constructed in the case F = Z/nZ a complex 
of etale sheaves on Y ad : 

o-F-© IT IT ■■ 

, A '£f =1 ff6J/Px(Qp) 2 s e J/P,(Q P ) 

(*) 

© n' if 

|AVM-i 9eJ/PHQp) seJ/P (Q P ) 

The same construction works for arbitrary etale sheaves F on Y ad as well. Furthermore, 
we proved (loc.cit. Theorem 3.3) that the complex above is acyclic in the case F = Z/nZ. 
The same holds if we consider overconvergent etale sheaves F on Y ad . Recall that an etale 
sheaf F on a pseudo-adic space X is called overconvergent if the specialization morphisms 
Ffr_ — ► F^ 2 are isomorphisms for all pairs of geometric points £i,£2 of X such that £i is a 
specialization of £ 2 - 
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Theorem 2.1 Let F be an overconvergent Stale sheaf on Y ad . Then the complex (*) is 
acyclic. 



Proof: The proof is almost the same as that of Theorem 3.3 in |U2j . First, we follow the 
proof of Lemma 3.4 in loc.cit. to show that the complex (*) consists of overconvergent 
sheaves. Further, by localizing in a maximal geometric point £ of Y ad we obtain a chain 
complex with values in instead of Z/nZ. In loc.cit. we reduced the acyclicity of this 
chain complex in the case F = Z/nZ to the contractibility of its index set. The same 
argument applies in our general case. □ 



Choose a complex T representing the object T G D-°(mod(Y? t d — Z^) . Substituting the 
etale sheaf F in (*) by T we obtain a complex in the category of complexes with values 
in mod(Y? d - Z t ): 



°- T -© If T »'-© If 

ia'"., »w/f,«!p) , KJ/nifh) 

(**) 

© it t ^ it t ^°- 

ia/i^ ,oeJ/Pi(Qp) geJ/P 9 (Q P ) 

A\J \=a— 1 



Corollary 2.2 TTie complex (**) zs exact. 



Proof: By Theorem 2.1 we merely have to assure that the individual contributions of 
T = z*i? + 7r J | t (Z/£ n Z)„ are overconvergent. Since Y ad is a closed subspace of J rad , it is 
enough to prove the assertion for the complex i? + 7r*(Z/£ n Z) n on J :ad . The etale topoi 
of J ad and T i9 are equivalent jHl] Prop. 2.1.4. Let J an be Berkovich's analytic space 
attached to J 7 . There is an equivalence between the etale topos of ^" ara and the etale 
subtopos of 3T %9 consisting of overconvergent sheaves (loc.cit. Prop. 8.3.3). The claim 
follows now easily by comparison. □ 



3 The computation 



In this final section we evaluate the spectral sequence which is induced by the complex 
(**). This computation ends with the determination of the hypercohomology of T. The 
proof of Theorem 1.1 then follows from the long exact co homology sequence (5). The 
arguments of this final section are modelled on the results in jQ2j section 4 treating the 
torsion sheaf Z/nZ instead of T. 

For the next two statements we fix a subset IC A. 
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Proposition 3.1 We have 

H* c (Y I ad 1 Q e )= ind [w] {-l[w]} (6) 

Proof: By the comparison theorems of Huber (see |H2j Thm. 4.2) resp. Jannsen (see jj] 
Remark 3.5), we have H*(Yj ad , (Z/£ n Z) n ) = H*(Y T , (Z/£ n Z) n ) resp. H* C {Y I} (Z/£ n Z) n ) = 
H*(Yi,Zi). Then we proceed as in Proposition 4.2 |U2j . □ 

Next we compute the cohomology of the ingredients in (**), i.e., the hypercohomology of 
the objects U' geJ/Pim T gJ . 

Proposition 3.2 We have 

H i (Y ad , J]' = C 00 (J/P J (Q ?) ),i? i (Y r od ) Z,)) 

geJ/Pi(Q P ) 

for all iGN. Here, C°°( J/Pi(Q p ), H l {Yj d , Z^)) denotes the space of locally constant func- 
tions on 

J/Pi(Qp) with values in E^f.Zt). 

Proof: The proof is similar to Prop. 4.3 in loc.cit. Again, we fix as in the construction 
of (**) a representative T of T. First of all, we have by (4) the identity 

] J T 5>/ = lim T c 

gGJ/P 7 (Q p ) c £ c i 

Since Y ad is quasi-compact and Cj is pseudo-filtered, we get (compare also |Hlj 2.3.13) 

H\Y ad , n' r aj) = lis Ri{ y ad i T c )- 

But by (2) we have a decomposition T c = @ W£c ^ zf ■ Thus, we obtain 

^(F ad ,T c ) = 0^(Zf,T |zf ). 

Wee 

Let (W / s ) s6 n be a cofinal family of compact open neighbourhoods of the base point 1 ■ Pj 
in the p-adic manifold J/P/(Q P ). By Lemma 4.4 of loc.cit. we have the identity 

Pi zy = Yf. 

Now, we apply [HlJ 2.4.6 1 to conclude that 

T |zr ) = E\Yf, T |v?d ). 

seN 

1 Actually the statement there is only formulated for sheaves. But it is easy to see that the argument 
generalizes to the derived category 
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Using (1) we see that 

H\Y? d , T|yoa) = WiYf, (Z/rZ) n ). 
so that by reapplying Huber's comparison theorem ( |H2j Thm. 4.2) we obtain 

H\Y I ad ,r lY * d )=H\Y I ad ,Z e ). 

Combining these facts we get 

H\Y ad , J]' T 9J) = 1™ ^\zf) = C°°( J/Pi(Q P ), H\Y? d , Ze)). 

geJ/PrCQp) ceCl Wgc 

Consider the spectral sequence induced by the acyclic complex (**) : 

EF« = H«(Y ad , J]' T ^ ®^ ®* H^(Y ad , T) ® Ze Q e . 
|AX ^ + i 9eJ/ ^ Wp) 
From the previous proposition we deduce that 

E P, q= c°°(J/P I (Q p ),H*(Y I ad ,Q £ )). 

ICA 
|A\/|=p+l 

As in |Q2j . we obtain by Proposition 3.1 a decomposition into subcomplexes 

[w]ew»/r Ee 

where Ei t [ w ] is the complex 

i J Pi ® ind [w] -> i J Pi <g> ind [w] -> • • 



|A\/|=1 



7 N C/ 

|A\/|=2 



<g>znd [iu ]) {-KM)}- 



□ 



By applying Prop. 4.5 of loc.cit. , we obtain for the second stage of the spectral sequence 
E 2 = (&[w]eWK/r Es E 2,H the following expression: 



E 



0,r 
2,M 



< i J Pl ® ind [w] {-l{[w})) : \A\I [w] \ = 1, 2Z(H) =r 
# O md H (-Z(H)) : |A \ I [w] \ > 1, 2/(H) = r 



I 



otherwise 



respectively for p > 



TpP,r-p 
^2,M 



w Pj (g>mc? M (-/([w])) : p = |A\/ M | - 1, 2Z(H) +p = r 



: otherwise 



13 



Since E s is a local field (Beware of the double-notation !), we conclude by weight arguments 
(compare also the corresponding argument in loc.cit. section 5) that the spectral sequence 
degenerates in E 2 . Thus, we have for p, r G N, 

gr<>{Hl{Y ad , T) ® %l Q e ) = Eg-> = = E%-*. (7) 

In order to show that the canonical filtration on E^ splits, we proceed as follows. By 
unpublished results of Berkovich respectively by Dat ([Dj appendix B.2) we know that 
the cohomology groups H^(Y ad ,T) are smooth J(Q p )-modules. In (resp. [D] in the 
split case) the following statement on extensions of generalized Steinberg representations 
was proved. 



Theorem 3.3 \01Jj Let r G N be the Q p -rank of the center of J. Let I, I' C A. Then for 
any i G N with r > i > \I U I'\ - \I D 

Exf JiQp) (v J Pl ,v J Pil ) = qP, where j = i - \I U I'\ - \I n 
For all other i the Ext-group vanishes. 



Consider the equation 

2l{[w\) + |A \ J H | - 1 = r = 2l{[w'\) + |A \ I [v]l] \ - 1 

with [w], [w'] G W/Te.. If KM) ^ Ki w '}) then l A \ j mI and |A \ I [w , } \ differ at least by 
two. Hence \I\ W ]\ and \I[ w n\ differ at least by two, so that by Theorem 3.3 

Thus, the expression (7) can be written as 

H r {Y a \T)®^q, = Q)gr p (H r (Y ad , T)® Ze Q e ) 

■ P eN 

= l Px w ® md H H(M)) © ij® ind [w] (-l([w})) 

[w]ewv/r Eg [»]W/r Es 
l A \-r M l=i |AV M l>i 

2l([w])=r 2l([m]) = r 



v J P g) ind [w] (-l([w))). 



2i([«-])+|A\I w |-l=r 
P=|A\/ H |-1 

Proof of Theorem 1.1: The proof follows from the formula above together with the 
long exact sequence (5). □ 



14 



References 



[ASl] G. Alon, E. de Shalit, On the cohomology of Drinf eld's p-adic symmetric domain, 
Israel J. Math. 129, 1-20 (2002). 

[AS2] G. Alon, E. de Shalit, Cohomology of discrete groups in harmonic cochains on 
buildings, Israel J. Math. 135, 355-380 (2003). 

[Bl] V.G. Berkovich, Vanishing cycles for formal schemes, Invent, math 115, 539-571 
(1994). 

[B2] V.G. Berkovich, Etale cohomology for p-adic analytic spaces, notes of a talk at 
Toulouse, june 1994. 

[C] W. Casselman, A new non-unitarity argument for p-adic representations, J. Fac. Sci. 
Univ. Tokyo Sect. IA Math. 28, 907-928 (1981). 

[D] J.-F. Dat, Espaces symetriques de Drinfeld et correspondance de Langlands locale, 
preprint 2005. 

[dSl] E. de Shalit, Residues on buildings and de Rham cohomology of p-adic symmetric 
domains, Duke Math. J. 106, no. 1, 123-191 (2001). 

[dS2] E. de Shalit, The p-adic monodromy-w eight conjecture for p-adically uniformized 
varieties, Compos. Math. 141, no. 1, 101-120 (2005). 

[F] L. Fargues, Cohomologie des espaces de modules de groupes p-divisibles et correspon- 
dances de Langlands locales, Asterisque 291, 1-199 (2004). 

[Fo] J.-M. Fontaine, Modules galoisiens, modules filtres et anneaux de Barsotti-Tate, 
Asterisque 65, 3-80 (1979). 

[FR] J.-M. Fontaine, M. Rapoport, L 'existence de filtrations faiblement admissibles sur 
des F-isocristaux, Bulletin de la Societe mathematique de France 133, 73-86 (2005). 

[G] E. GroBe-Klonne, Frobenius and monodromy operators in rigid analysis, and Drin- 
fel'd's symmetric space, preprint 2005. 

[HI] R. Huber, Etale cohomology of rigid analytic varieties and adic spaces, Aspects of 
Math., Vol E 30, Vieweg (1996). 

[H2] R. Huber, A comparison theorem for t- adic cohomology , Compos. Math. 112, 217- 
235 (1998). 

[IS] A. Iovita, M. Spiess, Logarithmic differential forms on p-adic symmetric spaces, Duke 
Math. J. 110, no. 2, 253-278 (2001). 

[I] T. Ito, Weight-monodromy conjecture for p-adically uniformized varieties, Invent, 
math. 159, no. 3, 607-656 (2005). 



15 



[J] U. Jannsen, Continuous etale cohomology, Math. Ann. 280, no. 2, 207-245 (1988). 

[JP] J. de Jong, M. van der Put, Etale cohomology of rigid analytic spaces, Doc. Math. 
1, 1-56 (1996). 

[Kl] R.E. Kottwitz, Isocrystals with additional structure, Comp. Math. 56, 201-220 
(1985). 

[K2] R.E. Kottwitz, Shimura varieties and twisted orbital integrals, Math. Ann. 269, 
287-300 (1984) 

[01] S. Orlik, On extensions of generalized Steinberg representations, to appear in Journal 
of Algebra. 

[02] S. Orlik, The cohomology of period domains for reductive groups over local fields, to 
appear in Invent, math. 

[Rl] M. Rapoport, Two letters to B. Totaro, april 1994. 

[R2] M. Rapoport, Non-archimedean period domains, Proceedings of the International 
Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994), 423-434, Birkhauser, Basel 

(1995) . 

[RR] M. Rapoport, M. Richartz, On the classification and specialization of F -isocrystals 
with additional structure, Comp. Math. 103, 153-181 (1996). 

[RZ] M. Rapoport, T. Zink, Period spaces for p-divisible groups, Ann. of Math. Stud. 
141, Princeton University Press (1996). 

[S] P. Schneider, The cohomology of local systems on p-adically uniformized varieties, 
Math. Ann. 293, 623-650 (1992). 

[SS] P. Schneider, U. Stuhler, The cohomology of p-adic symmetric spaces, Invent, math. 
105, 47-122 (1991). 

[T] B. Totaro, Tensor products in p-adic Hodge theory, Duke Math. J. 83, No 1, 79-104 

(1996) . 



Sascha Orlik, Universitat Leipzig, Mathematisches Institut, Augustusplatz 10/11, D- 
04109 Leipzig, Germany 

Email:orlik@mathematik.uni-leipzig.de 



16 



